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Modeling Pension Costs  
This technical report outlines our method for projecting pension costs for the Public Pension Simulator. 

The calculations presented are based on the Entry Age Normal cost method.  

Normal Cost 

Normal cost is generally defined as the contribution amount necessary to cover retirement benefits 

earned in any given year under the plan sponsor’s chosen funding policy.1 Although the actuarial 

profession uses several methods to calculate normal cost, the method we use in this report, Entry Age 

Normal, is the most prevalent and is the method specified by the Governmental Accounting Standards 

Board (2012a, 2012b).2 Under the Entry Age Normal method, normal cost is calculated as the constant 

percentage of wages that, if contributed across a worker’s career, would fully cover the benefit 

payments earned by the worker. The calculation of normal cost takes into account mortality, salary 

growth, anticipated earnings on contributions, and the probability that workers separate from their 

employer.3 

Normal cost is calculated by dividing the expected value of future retirement benefits at age of 

workforce entry by the expected cumulative wages at entry. To calculate the plan sponsor’s share of 

retirement benefits cost, we simply net cumulative worker contributions out of earned pension benefits 

at each point in a worker’s career. Equation (6) represents the normal cost calculation and equations (1) 

through (5) document the steps. This calculation is done for all a ∊ A, where A is inclusive of elements 

aeto az . 

Equations (1) through (3) calculate, at age of separation as, the present value of a worker’s 

retirement annuity (1), present value of retirement benefits (2), and the net present value of retirement 

benefits (3). 

 𝑃𝑉𝐵𝑎𝑠

𝐴𝑛𝑛𝑢𝑖𝑡𝑦
= max{𝑎𝑟∈𝐴|𝑎𝑟≥𝑎𝑠}[𝐵(𝑎𝑟|𝑎𝑠) × 𝐴𝐹𝑎𝑟

× 𝑓(𝑎𝑟|𝑎𝑠) × (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑)−(𝑎𝑟−𝑎𝑠)] (1) 

 𝑃𝑉𝐵𝑎𝑠
= 𝑚𝑎𝑥[𝑃𝑉𝐵𝑎𝑠

𝐴𝑛𝑛𝑢𝑖𝑡𝑦
, 𝒇𝒂𝒔

(𝐸𝐸𝐶, 𝐸𝑅𝐶, 𝑟𝑐𝑜𝑛𝑡)]  (2) 

 𝑃𝑉𝐵𝑎𝑠

𝑛𝑒𝑡 = 𝑃𝑉𝐵𝑎𝑠
− 𝑇𝑜𝑡𝐶𝑜𝑛𝑡𝑎𝑠

 (3) 

B(ar│as) is the starting annuity a worker would receive at age ar, given the worker separated at age 

as, AF is the annuity factor, f(ar│as) is the conditional probability of survival from as to ar, and r is the rate 
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used to discount future cash flows. The function 𝒇𝒂𝒔
(𝐸𝐸𝐶, 𝐸𝑅𝐶, 𝑟𝑐𝑜𝑛𝑡) represents the retirement plan’s 

withdrawal and nominal account–based features, which are a function of contributions and interest. 

Finally, 𝑇𝑜𝑡𝐶𝑜𝑛𝑡𝑎𝑠
 represents cumulative worker contributions at age of separation.4 The technical 

report on the benefits model (McGee and Welch 2016) defines the calculations underlying each of the 

variables introduced in equations (1) through (3); however, the cost-side calculations substitute rstated  

for rw.
5 

Equation (4), the numerator of the normal cost formula, calculates the expected value of retirement 

benefits at entry age, ae, where g(as) represents the separation probability distribution for a given entry 

age.6 The summation extends to the last possible age at which a worker might separate from 

employment, az.7 

 E𝑎𝑒
[𝑃𝑉𝐵𝑛𝑒𝑡] =  ∑ 𝑃𝑉𝐵𝑎

𝑛𝑒𝑡(1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑)−(𝑎−𝑎𝑒)𝑎𝑧
𝑎=𝑎𝑒

× 𝑔𝑎𝑒
(𝑎𝑠)  (4) 

Equation (5), the denominator of the normal cost formula, calculates the expected cumulative 

wages for a worker entering the pension plan at age ae.  

 E𝑎𝑒
[𝐶𝐶𝑊] =  ∑ 𝐶𝐶𝑊𝑎 ∗ (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑)−(𝑎−𝑎𝑒)𝑎𝑧

𝑎=𝑎𝑒
× 𝑔𝑎𝑒

(𝑎𝑠)  (5) 

 𝐶𝐶𝑊𝑎𝑒
=  0 (5ꞌ) 

𝐶𝐶𝑊{𝑎∈𝐴|𝑎>𝑎𝑒} = 𝐶𝐶𝑊𝑎−1 × (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑) + 𝐶𝑊𝑎−1 (5ꞌꞌ) 

 Equation (6) represents normal cost, the contributions as a constant percentage of current 

wages necessary to cover accrued benefits across a worker’s career given entry age ae. Equation (6) is 

simply the quotient of equation (4) and equation (5). It is important to note that normal cost varies by 

age of entry within a benefits tier. Normal cost for each possible entry age can be represented by a k x 1 

vector 𝑁𝐶⃗⃗ ⃗⃗  ⃗ whose elements are 𝑁𝐶𝑎𝑒
. 

 𝑁𝐶𝑎𝑒
= E𝑎𝑒

[𝑃𝑉𝐵𝑛𝑒𝑡]/ E𝑎𝑒
[𝐶𝐶𝑊] (6) 

Workforce 

Our ultimate goal is to model the total cost of the retirement benefits earned by an entire workforce 

over time, which requires us to model the workforce. This section outlines the workforce model and its 

underlying assumptions. To calculate costs over time for different cohorts of new workers, we develop a 

model for the workforce based on two main assumptions: 
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 The size of the workforce can be modeled using a growth parameter and natural rate of 

separation. In our model, the growth of the workforce (number of workers) over time is a user-

input parameter 𝛿 reflecting the user’s beliefs about the plan sponsor’s natural rate of 

employment growth.8 Each year, the workforce will also experience a natural separation rate, S, 

which is a function of the worker’s age and years of service.9 

 The entry age distribution for new cohorts will remain constant over time. The initial 

distribution used in our model is constructed using data on plan history. 

The workforce model begins with the k x k upper-triangular matrix W, the initial workforce matrix. 

Let ao be the lowest possible age of workforce entry. Then k is equal to az – ao + 1. The rows of W refer to 

the age at which the worker entered the workforce, ae, and the columns refer to that worker’s current 

age, at. When a worker enters the workforce, his or her current age and entry age are equal, and the 

condition ae ≤ at holds. The diagonal of W represents the entry age distribution of new hires. For 

example, the cell representing ae = 25 and at = 30 may have 1,000 workers, which means 1,000 workers 

entered at age 25 and are now 30 years old. 

 𝑾𝒌𝒙𝒌 = [

𝑥𝑎ₒ,𝑎ₒ ⋯ 𝑥𝑎ₒ,𝑎𝑧−1 𝑥𝑎ₒ,𝑎𝑧

⋮ ⋱ ⋮ ⋮
0 ⋯ 0 𝑥𝑎𝑧,𝑎𝑧

]  

Next, we model the evolution of the workforce over time. The first step in this process is to account 

for the natural rate of separation. To do this, we take the Hadamard product (i.e., element-by-element 

multiplication) of (1 – S) and W where S is a k x k matrix of the separation hazard rates constructed using 

the plan’s decrement tables. 

 𝑾′ = (1 − 𝑺) ⊙ 𝑾  (7) 

Before moving forward, we calculate the total size of both W and W', as shown in equation (8). Let n 

equal the total size of W and m equal the total size of W'. The equation used to calculate m, equation (8ꞌ), 

is the same as equation (8) below, but is calculated across the elements of W'. 

 𝑛 = ∑ ∑ 𝑥𝑖,𝑗
𝑎𝑧
𝑗=𝑎ₒ

𝑎𝑧
𝑖=𝑎ₒ  (8) 

 𝑚 = ∑ ∑ 𝑥𝑖,𝑗
𝑎𝑧
𝑗=𝑎ₒ

𝑎𝑧
𝑖=𝑎ₒ  (8ꞌ) 

The next steps focus on the aging of the workforce—how the entry age and age distribution of the 

workforce change over time. The age composition of the workforce will evolve based on our 

assumptions of the natural separation rate S, the number of workers needed to make up for those who 

left in the last year, the age distribution of new entrants, and the overall growth rate of the workforce 
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(i.e., whether it will grow or decline by the rate 𝛿).10 When performing valuations, actuaries generally 

assume that the size of the workforce remains constant, and 𝛿 = 0. 

The size of the workforce in the next year, l, is given in equation (9). Equation (10) calculates p, the 

number of workers who must be hired to reach the necessary workforce size. If no additional workers 

will be added, p = 0.11 Otherwise, the number of workers that must be hired equals the difference 

between the size of the starting workforce (size of W), increased by workforce growth rate 𝛿, and the 

size of the separation-adjusted workforce (size of W'). 

 𝑙 = 𝑚𝑎𝑥(𝑚, 𝑛 × (1 + 𝛿𝑡)) (9) 

 𝑝 = 𝑙 − 𝑚 (10) 

Now that we have calculated the number of workers that must be added to the workforce, the next 

step is to add an appropriately sized and distributed cohort of new workers to the workforce matrix. We 

begin by constructing a k x 1 vector 𝑒 , which represents the distribution of new entrants across all 

possible entry ages; 𝑒  is a discrete probability distribution based on the plan’s new hire history.12 

Multiplying each element of 𝑒  by the scalar p yields the vector 𝑛𝑒⃗⃗⃗⃗ , which is appropriately sized and 

distributed by entry age. There is a unique new hire vector for each benefit tier, i. 

 𝑛𝑒⃗⃗⃗⃗ 𝑖 = 𝑒 𝑖 × 𝑝 (11) 

Before adding the new cohort to the workforce matrix, we must first age the current workforce by 

one year. To do so, we take W' and multiply it by the shift matrix, A, a k x k matrix with ones only on the 

super-diagonal, so that W' becomes W''.  

 𝑾𝒊
′ = [

𝑥𝑎ₒ,𝑎ₒ ⋯ 𝑥𝑎ₒ,𝑎𝑧−1 𝑥𝑎ₒ,𝑎𝑧

⋮ ⋱ ⋮ ⋮
0 ⋯ 0 𝑥𝑎𝑧,𝑎𝑧

]  

 A = 

[
 
 
 
 
0 1 0 ⋯ 0
⋮ 0 1 ⋱ ⋮
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 … 1
0 0 0 ⋯ 0]

 
 
 
 

 

  

 𝑾𝒊
′′ =  𝑾𝒊

′ × 𝑨 (12) 
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 𝑾𝒊
′′ = [

0 𝑥𝑎ₒ,𝑎ₒ+1 … 𝑥𝑎ₒ,(𝑎𝑧−1)+1

0 0 ⋯ 𝑥𝑎ₒ+1,(𝑎𝑧−1)+1

⋮ ⋮ ⋱ ⋮
0 0 ⋯ 0

]  

Now that the workforce has been aged, we can incorporate the new cohort of workers into the 

workforce matrix. To do this, we employ linear algebra techniques to place the vector  𝑛𝑒⃗⃗⃗⃗  on the 

diagonal of the workforce matrix W''.13 First, we multiply 𝑛𝑒⃗⃗⃗⃗  by a k x 1 vector of ones, where the product, 

𝛷, will be a k x k matrix made up of k columns of vector 𝑛𝑒⃗⃗⃗⃗ . 

  𝜱𝒊 = 𝑛𝑒⃗⃗⃗⃗ 𝑖 × (1,1, …1)𝑇  (13) 

Next, we create a matrix, 𝜱', with 𝑛𝑒⃗⃗⃗⃗  solely along the diagonal and zero throughout the rest of the 

matrix. Let I be a k x k identity matrix. The Hadamard product (element by element multiplication) of 𝜱 

and I will yield a matrix with 𝑛𝑒⃗⃗⃗⃗  along the diagonal and zero everywhere else. 

 𝜱′
𝒊 = 𝜱𝒊 ⊙ 𝑰 (14) 

Adding 𝛷' to W'' gives us the W'' matrix with 𝑛𝑒⃗⃗⃗⃗  along the diagonal, which we call Wt. 

 𝑾𝒊,𝒕 = 𝜱𝒊
′ + 𝑾𝒊′′ (15) 

To clarify, Wt will be the W'' k x k upper triangular matrix depicted above with the new cohort, 

specified by vector 𝑛𝑒⃗⃗⃗⃗ , along the diagonal instead of zeros. 

The initial workforce matrix, W, undergoes two intermediate transformations—to W' and W''—

before the final transformation to Wt, the workforce matrix after one year. This process continues, and 

Wt will undergo the same transformation to Wt+1, which will become Wt+2, and so on. Note that the size 

of the entering cohort, p, is also dynamic and will change with each full iteration (W to Wt, for example) 

since it consists of the ∆ between W and Wt, Wt and Wt+1, and so on, while the distribution of new hires 

by entry age will remain constant over time. 

Total Normal Cost 

The final step in calculating the total normal cost for an entire workforce is outlined by equations (16) 

through (18). These equations calculate the average normal cost for the workforce weighted by the 

share of total salary associated with workers at each entry age. Recall from the benefits technical paper 

(McGee and Welch 2016) that SS is the salary scale, a vector of real wages based on years of service, and 

the first value corresponds to the wage of new workforce entrants at time t. We first convert the k x 1 
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vector 𝑆𝑆⃗⃗⃗⃗  into a k x k upper triangular matrix, SS, using the Toeplitz matrix (depicted below).14 The 

super-diagonal represents the entry-level salary and each diagonal thereafter represents an additional 

year of tenure. Equation (16) calculates the total salary matrix, TS, by taking the Hadamard product of 

the k x k workforce matrix Wt, specifically the final matrix in the process discussed above for each 

period,15 and the k x k salary matrix SS. Equation (16ꞌ) multiplies TS by a k x 1 vector of ones. This 

calculates the total salary for workers who entered at each possible entry age by summing across the 

rows of the total salary matrix. Thus, 𝑇𝑆𝑡
⃗⃗ ⃗⃗ ⃗⃗   represents total salary at each possible entry age.  

 𝑺𝑺𝒊,𝒕 =

[
 
 
 
 
 
 𝑆𝑆1
⃗⃗ ⃗⃗ ⃗⃗ 𝑆𝑆2

⃗⃗ ⃗⃗ ⃗⃗  ⋱ ⋱ 𝑆𝑆𝑎𝑧−𝑎ₒ+1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

0 𝑆𝑆1
⃗⃗ ⃗⃗ ⃗⃗ ⋱ ⋱ 𝑆𝑆𝑎𝑧−𝑎ₒ

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

⋮ ⋮ ⋱ ⋱ ⋮
⋮ ⋮ ⋯ ⋱ ⋮

0 0 ⋯ ⋮ 𝑆𝑆2
⃗⃗ ⃗⃗ ⃗⃗  

0 0 ⋯ 0 𝑆𝑆1
⃗⃗ ⃗⃗ ⃗⃗ ]

 
 
 
 
 
 

 

 𝑻𝑺𝒊,𝒕 = 𝑾𝒊,𝒕 ⨀ 𝑺𝑺𝒊,𝒕 (16) 

 𝑇𝑆𝑖,𝑡
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑻𝑺𝒊,𝒕 × (1,1, …1)𝑻  (16ꞌ) 

The distribution of total salary across possible entry ages, 𝑇𝑆𝑡
𝐷⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ in equation (17), can then be 

calculated by dividing each element in 𝑇𝑆⃗⃗ ⃗⃗  by the total salary of the workforce, TS.16 

 𝑇𝑆𝑖,𝑡
𝐷⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =

𝑇𝑆𝑖,𝑡⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

𝑇𝑆𝑖,𝑡
 (17) 

The average normal cost within a benefit tier i for a given period, 𝑁𝐶𝑖,𝑡
𝐴𝑣𝑔

, is given by equation (18) 

and expressed as a percentage of payroll. In cases of multiple benefit tiers, we can calculate a weighted 

average based on the proportion of total salary associated with each tier, as in equation (19).  

 𝑁𝐶𝑖,𝑡
𝐴𝑣𝑔

= (𝑇𝑆𝑖,𝑡
𝐷⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗)

𝑇

∗ 𝑁𝐶⃗⃗ ⃗⃗  ⃗
𝑖,𝑡  (18) 

 𝑁𝐶𝑡
𝐴𝑣𝑔

= 
𝑇𝑆𝑖,𝑡∗𝑁𝐶𝑖,𝑡

𝐴𝑣𝑔

∑ 𝑇𝑆𝑖,𝑡𝑖
 (19) 

Total normal cost can also be expressed in dollars (19′) by multiplying average normal cost as a 

percentage of payroll by total payroll, Pt. Initial aggregate payroll, Po, is a model input, and aggregate 

payroll for subsequent years evolves according to equation (20), where 𝛾 is the plan’s payroll growth 

assumption.17 

 𝑁𝐶𝑡
𝐵 = 𝑁𝐶𝑡

𝐴𝑣𝑔
× 𝑃𝑡 (19′) 

 𝑃𝑡 = 𝑃𝑜 × (1 + 𝛾)𝑡  (20) 
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Total Cost 

Total retirement plan cost in any given year is equal to the normal cost plus amortization to eliminate 

any overfunding or underfunding that may exist. Total cost, TCt, is given by equation (21), where NCt is 

the normal cost calculated in the previous section and ACt is the amortization cost, discussed in the 

following section. As with normal cost, total cost can be expressed as a percentage of payroll or in dollar 

terms. 

 𝑇𝐶𝑡 = 𝑁𝐶𝑡 + 𝐴𝐶𝑡 (21) 

Amortization Cost 

To eliminate plan overfunding or underfunding, retirement plan sponsors use various methods to set 

their amortization schedules. It is impossible to properly capture all of the ad hoc arrangements that 

exist across the country and even more difficult to incorporate actual payment policies given that the 

majority of plan sponsors have fallen short of making full payments in recent years. Therefore, we have 

chosen to use a consistent funding policy across all plans. Though simplified, this method highlights the 

effect on amortization cost from alternative amortization methods. 

We calculate amortization cost, ACt, in three ways:  

 level percentage of payroll over a closed period  

 level dollar  

 level percentage of payroll over an open period  

Calculations for each of these are detailed below.  

Our model allows for the possibility of future underfunding or overfunding, so we must develop 

forecasts for liabilities and assets. Both liabilities and assets are projected forward using the naive 

model represented in equations (22) and (23), where PC represents the percentage of employer 

contributions, which can be adjusted by a user, and Cont represents total employee and employer 

contributions to the plan (23ꞌ). Bt is a forecast of benefit payments in which the previous payment grows 

according to a benefit growth rate, b, and COLA, the cost-of-living adjustment rate (23ꞌꞌ).18 

 𝐿𝑡 = 𝐿𝑡−1 × (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑) + 𝑁𝐶𝑡
𝐵 − 𝐵𝑡 × (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑)0.5 (22) 
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 𝐴𝑡 = 𝐴𝑡−1 × (1 + 𝑟) + 𝐶𝑜𝑛𝑡𝑡 − 𝐵𝑡 × (1 + 𝑟)0.5 (23) 

 𝐶𝑜𝑛𝑡𝑡 = 𝑃𝐶 × (𝑁𝐶𝑡
𝐵 + 𝐴𝐶𝑡) + 𝑃𝑡 × 𝐸𝐸𝐶 (23ꞌ) 

 𝐵𝑡 = 𝐵𝑡−1 × (1 + 𝑏 + 𝐶𝑂𝐿𝐴) (23ꞌꞌ) 

Level Percentage of Pay over an Open Period (LPO) 

Many public pension plans select level percentage of pay over an open period as their amortization 

method. Equation (24) calculates this method. The numerator represents the unfunded liability, and the 

denominator calculates the present value of future payroll, where Pₒ is the starting payroll value, and 𝜌 

is the length of the amortization period. Payroll growth is denoted by 𝛾, and rstated is the rate used to 

discount future cash flows.19 The level percentage is calculated in each year of the amortization period 

using the current unfunded liability for that period, It.  

Equation (25) calculates the value of unfunded liabilities for each period. Equation (26) calculates 

amortization cost for a given year as simply the level percentage for that year multiplied by aggregate 

payroll, Pt. 

 𝐿𝑒𝑣𝑃𝑐𝑡𝑡
𝑜𝑝𝑒𝑛

= (
𝐼𝑡

∑ ((1+𝛾)𝑡+𝑦−1∗𝑃𝑜)×(1+𝑟𝑠𝑡𝑎𝑡𝑒𝑑)−(𝑡+𝑦)𝜌
𝑦=1

) (24) 

 𝐼𝑡 = (𝐿𝑡 − 𝐴𝑡)  (25) 

 𝐴𝐶𝑡
𝐿𝑃𝑂 = 𝐿𝑒𝑣𝑃𝑐𝑡𝑡

𝑜𝑝𝑒𝑛
× 𝑃𝑡 (26) 

 𝑃𝑡 =  𝑃𝑜 × (1 + 𝛾)𝑡−1,𝑡≥1 (27)  

Level Percentage of Pay over a Closed Period (LPC) 

Equation (28) represents the level percentage of payroll over a closed period for the amortization 

schedule, where Iₒ is the initial pension debt, and 𝜌 is the length of the amortization period, set to 30 

years in the model, but the value is adjustable. Equation (29) calculates the initial amortization payment. 

In subsequent years, the amortization payment grows annually by the payroll growth factor 𝛾, as shown 

in equation (30). 
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 𝐿𝑒𝑣𝑃𝑐𝑡𝑐𝑙𝑜𝑠𝑒𝑑 = (
𝐼𝑜

∑ ((1+𝛾)𝑡−1×𝑃𝑜)×(1+𝑟𝑠𝑡𝑎𝑡𝑒𝑑)−𝑡𝜌
𝑡=1

) (28) 

 𝐴𝐶0
𝐿𝑃𝐶 = 𝐿𝑒𝑣𝑃𝑐𝑡 × 𝑃𝑜  (29) 

 𝐴𝐶𝑡+1
𝐿𝑃𝐶 = (1 + 𝛾)𝐴𝐶𝑡  (30) 

Level Dollar 

The level dollar amortization method, expressed in equations (31) and (32), calculates the constant 

payment that, if paid in full each year of the amortization period 𝜌, will eliminate the debt. 

 𝐿𝑒𝑣𝐷𝑜𝑙𝑖 = (
𝐼𝑖

∑  ( 1+𝑟𝑠𝑡𝑎𝑡𝑒𝑑)−𝑡×𝑃𝑖
𝜌
𝑡=1

) (31) 

 𝐴𝐶𝑖,𝑡
𝐿𝐷 = 𝐿𝑒𝑣𝐷𝑜𝑙𝑖   (32) 

Amortization Cost: Level Bases 

The initial unfunded liability Io, calculated by equation (33), can increase (or decrease) over time if 

realized asset returns in the future are less (or greater) than expected returns and if actual payments by 

plan sponsors are a fraction (or multiple) of total plan cost. A change in the unfunded liability from the 

initial period will be amortized using any of the three methods discussed above.  

 𝐼° = 𝐿° − 𝐴°  (33) 

Under the LPO method, no additional calculations are needed to incorporate changes in the 

unfunded liability. However, when applying the LPC and level dollar method, a change in the unfunded 

liability must also be amortized. To do this, we use the level base method described in equations (34) 

and (35) below. 

Let ∆Ii represent a new base level, i, of the pension debt, equal to the unfunded liability in year, t, 

minus previous bases of the pension debt, that will be amortized using either the LPC (∆It = Io in 

equation 28) or level dollar method (∆It = Io in equation 31) over a period of 𝜌 years (equation 34). Each 

base level of debt evolves in a given year over the amortization period, eventually reaching 0 after 𝜌 

years, seen in equation (34ꞌ).  

 ∆𝐼𝑖,𝑖 = 𝐼𝑖 − ∑ ∆𝐼𝑗,𝑖𝑗<𝑖   (34) 
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 ∆𝐼𝑖,𝑡+1 = ∆𝐼𝑖,𝑡 × (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑) − 𝐴𝐶𝑖,𝑡 , for 𝑡 ≥ 𝑖 (34ꞌ) 

Total amortization cost for a plan in a given period equals the sum of amortization cost for the 

different bases, i, (i.e., the cost associated with the initial debt Io and subsequent changes ∆It), described 

in equation (35).  

 𝑇𝐴𝐶𝑡
𝐿𝐷,𝐿𝑃𝐶 = ∑ 𝐴𝐶𝑖,𝑡

𝐿𝐷,𝐿𝑃𝐶𝑡
𝑖=1   (35) 

For example, if the user selects level dollar over a period of 20 years as the amortization method, 

the initial debt I1 (at t = 1) will be paid off in 20 years when t = 20; an increase to the initial debt level in 

the next year ∆𝐼2, (𝐼2 − 𝐼1) will also be amortized over 20 years and paid off when t = 21. 

Accounting for Changes in the Initial Level of Pension 

Debt 

The most recent figure on liabilities is pulled from plan financial documents and is therefore based on 

the plan’s set of assumptions. Our model incorporates two variables that can change the value of Io and 

thus change amortization cost: cost-of-living adjustments (COLAs) and the plan’s assumed investment 

rate of return or discount rate. As discussed, Io represents the difference between assets and liabilities 

in the initial period. If COLAs are increased, both Io and annual amortization cost increase. Likewise, if 

the assumed rate of return decreases, both Io and annual amortization cost increase. It is important that 

we account for this elasticity in the model. 

Let Io be the residual of liabilities, L, and assets, A, as shown in equation (33). Liabilities, L, can be 

attributed to three distinct worker groups: retirees (Lr), separated but not yet retired (Ls), and current 

workers (Lc). 

 𝐿 = 𝐿𝑟 + 𝐿𝑠 + 𝐿𝐶  (36) 

Cost-of-Living Adjustments (COLAs) 

Retirement plans can change the COLA for each of the three distinct worker groups: Lr, Ls, and Lc. To 

identify how changing the COLA rate changes liabilities, we adjust the liabilities proportionately to the 

ratio of the annuity factor under the new COLA rules and the annuity factor under the old COLA rules. 

In addition, to account for the interaction between changes in the COLA and changes in the discount 
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rate (from r to rꞌ), the annuity factor in equations (37) through (38ꞌꞌ) will be based on the updated 

discount rate. 

Recall from equations (7) through (9) in the benefits technical report that the annuity factor, 

adjusted for COLAs and mortality, represents the value of a dollar in annuity beginning at the age of 

retirement, ar. Dividing the new annuity factor by the old, both calculated using the group’s average age 

today, 𝑎�̅�, provides the adjustment that must be made to accrued liabilities attributable to retirees. 

Equation (37) shows the adjusted accrued liabilities. 

 𝐿𝑟
′ = 𝐿𝑟 ×

𝐴𝐹�̅�𝑡,𝑟=𝑟ꞌ
𝑛𝑒𝑤

𝐴𝐹�̅�𝑡,𝑟=𝑟ꞌ
𝑜𝑙𝑑  (37) 

We employ the same method for workers who have separated but have yet to retire, but to make 

the adjustment, we must estimate the separated group’s average age at retirement, 𝑎𝑟̅̅ ̅, by using the 

normal retirement age as stated by the plan. In principle, the accrued liability needs to be rolled forward 

and then discounted by the interest rate and the conditional probability of survival between the current 

period and the retirement period, but these adjustments simply wash out of the calculation, as seen in 

equation (38). 

 𝐿𝑠
′ = 𝐿𝑠 ∗

𝑓(𝑎𝑟|𝑎𝑡)∗(1+𝑟)−(𝑎𝑟−𝑎𝑡)

𝑓(𝑎𝑟|𝑎𝑡)∗(1+𝑟)−(𝑎𝑟−𝑎𝑡)
×

𝐴𝐹�̅�𝑟,𝑟=𝑟ꞌ
𝑛𝑒𝑤

𝐴𝐹�̅�𝑟,𝑟=𝑟ꞌ
𝑜𝑙𝑑  (38) 

 𝐿𝑠
′ = 𝐿𝑠 ∗

𝐴𝐹�̅�𝑟,𝑟=𝑟ꞌ
𝑛𝑒𝑤

𝐴𝐹�̅�𝑟,𝑟=𝑟ꞌ
𝑜𝑙𝑑  (38ꞌ) 

For current workers, the logic is the same; we calculate the annuity factor using an estimate for the 

average age at retirement.20  

 𝐿𝑐
′ = 𝐿𝑐 ×

𝐴𝐹�̅�𝑟,𝑟=𝑟ꞌ
𝑛𝑒𝑤

𝐴𝐹�̅�𝑟,𝑟=𝑟ꞌ
𝑜𝑙𝑑  (38ꞌꞌ) 

Changes in the Realized Rate of Return on Current 

Unfunded Liabilities 

We have defined L as the current outstanding amount of accrued liabilities and let rstated define the flat 

discount rate that a given plan reports. L is represented by a discounted cash flow formula in equation 

(39) below, where CF represents an unknown future cash flow and τ is the average period of time for the 

cash flow, 15 years in our model.21 
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 𝐿 =  
𝐶𝐹̅̅ ̅̅

(1+𝑟𝑠𝑡𝑎𝑡𝑒𝑑)τ
 (39) 

We can rewrite the equation to find the future value of the liabilities.22 

 𝐿 × (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑)τ = 𝐶𝐹̅̅̅̅  (40) 

It follows that we can discount the future value of cash flows using the updated interest rate, rnew, 

yielding L′, the new current liabilities value. 

 𝐿′ =  
𝐶𝐹̅̅ ̅̅

(1+𝑟𝑛𝑒𝑤)τ
 (41) 

Risk and Uncertainty 

An important feature of this model is the uncertainty bands around the cost projection, which illuminate 

the probability that the realized investment rate of return does not equal the plan’s discount rate, or 

their assumed investment rate of return. To highlight this concept, we calculate the 25th and 75th 

percentile for the plan’s rate of return. We then calculate the asset forecast, At, using the lower-bound 

and upper-bound rates, r25 and r75, respectively.23 This generates an amortization cost matrix (see the 

section “Accounting for Changes in the Initial Level of Pension Debt”), where the rows represent years 

and the columns the 25th, 50th, and 75th percentiles, and subsequently a total cost matrix. 

To find the percentile values, we assume the rate of return, r and 1 + r, follow a log-normal 

distribution and transform the rate of return to a normally distributed variable, 𝑌 = 𝑙𝑛(1 + 𝑟) where 

𝐸(𝑌) = 𝜇 and 𝑉(𝑌) =  𝜎2. Currently, we estimate 𝜇 using �̅� = 𝑙𝑛 (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑), the rate specified by the 

plan, and σ using 𝑠 = 𝑙𝑛 (1 + 𝑟𝑠𝑡𝑎𝑡𝑒𝑑).24, It is important to note that the expected variance of annual 

investment returns can vary with the mean parameter. The matrix of mean and variance pairs is a model 

input. 

Given these definitions, the probability that investment returns are greater than or equal to rstated 

can be calculated in equations (42) and (43), where 𝜙 is the cumulative standard normal distribution and 

n is the holding period, which in our model is the length of the projection period. 

 𝑃(𝑋𝑛 ≤ 1 + 𝑟) = 𝜙 (
ln (1+𝑟)−�̅�

𝑠
×

𝑛

√𝑛
) (42) 

 𝑃(𝑋𝑛 ≥ 1 + 𝑟) = 1 − 𝜙 (
ln (1+𝑟)−�̅�

𝑠
×

𝑛

√𝑛
) (43) 

The return at various percentiles of the distribution can then be calculated using the inverse 

cumulative standard normal distribution denoted by 𝜙−1. Let 𝛼 be the percentile of interest.25 
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 𝑧∝ = 𝜙−1(∝) (44) 

 𝑥∝ = (𝑧∝ ×
𝑠√𝑛

𝑛
) + �̅� (45) 

 𝑟∝ = 𝑒𝑥𝑝(𝑥∝) − 1 (46) 
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Notes 
1. The plan sponsor’s funding policy is determined by its chosen discount rate, amortization policy, asset 

smoothing, and a number of less significant assumptions. 

2. Statement No. 67 (Government Accounting Standards Board 2012a) effective for financial statements for 

fiscal years beginning after June 15, 2013. Statement No. 68 (Government Accounting Standards Board 

2012b) effective for fiscal years beginning after June 15, 2014. 

3. The purpose of the calculations outlined in this document is to estimate the cost to the plan sponsor of the 

retirement plan. As currently specified, we model realized cost under deterministic return scenarios where the 

sponsor fully funds future benefit accruals at the realized rate of return. We acknowledge that this is a 

simplification of actual plan funding policy, and we anticipate extending the capabilities of the model in this 

area in future iterations. 

4. 𝑇𝑜𝑡𝐶𝑜𝑛𝑡{𝑎∊𝐴 | 𝑎>𝑎𝑒} = 𝐶𝑊𝑎−1 × 𝐸𝐸𝐶 + 𝑇𝑜𝑡𝐶𝑜𝑛𝑡𝑎−1 × (1 + 𝑟𝑐𝑜𝑛𝑡) 

5. This applies to equation (9′) from McGee and Welch (2016).  

6. The separation probability function, g(), is estimated using the decrement tables reported by each plan. This 

function is calculated using hazard rates for normal separation, mortality, and retirement. 

7. We assume that all workers separate by age 75. 

8. The workforce growth parameter is currently modeled as a constant but could easily be allowed to vary across 

time. 

9. S includes both the probability of separation from the workforce and mortality. 

10. The growth rate of the workforce could be allowed to vary with time. 

11. Users are able to change this assumption through the user interface to reflect their own expectations 

regarding growth of the system’s workforce. 

12. The age distribution of new entrants mirrors that of current employees with one year of tenure. In doing this, 

we are assuming that the age distribution of new hires remains constant and is equal to the distribution of the 

most recently hired group of workers.   

13. Note that the current diagonal of W'' consists of zeros. 

14. An upper-triangular Toeplitz matrix is a matrix in which the super-diagonal and each ascending diagonal to the 

right of the super-diagonal is a constant. 

15. Based on the discussion in the Workforce section, let W be the initial workforce matrix, Wt the matrix in the 

first period, Wt+1 in the second period, Wt+2 in the third period, and so on. 

16. The sum of 𝑇𝑆𝑡
⃗⃗ ⃗⃗ ⃗⃗  . 

17. Aggregate covered payroll is taken from plan documents. Our model assumes that, on average, the plan’s 

payroll growth assumption will be consistent with the plan assumptions used to calculate workforce evolution 

and normal cost. 

18. For all plans, the benefit growth rate is assumed to be 1.5 percent. In simulations, we’ve found the asset 

forecast to be relatively insensitive to b. However, with a longer time horizon, slight differences can 

accumulate to something more material. 

19. When calculating the amortization payment, r is the plan’s discount rate, the effective interest rate on the 

accumulated pension debt. 
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20. Specifically, we use a weighted average of the “optimal” age at retirement for the workforce to estimate the 

average age at retirement for current workers. The optimal age is the age at which the present value of the 

pension benefit, under the new COLA, is maximized (i.e., the age corresponding to equation 1). Because the 

optimal age at retirement varies with entry age, we calculate the weighted average by multiplying the optimal 

retirement age vector by the distribution of the workforce across possible entry ages,  �⃗⃗⃗� 
𝑖,𝑡
𝐷  (derived in equation 

16). 

21. The average period of time for the cash flows differs from the duration of the liability. The duration of the 

liability refers to interest rate sensitivity of the cash flows. 

22. This is the length of time assumed by Novy-Marx and Rauh (2009), but 15 years could also be a user input 

parameter. Increasing the duration will increase the amount of unfunded liabilities (Iꞌ using t=15 is less than Iꞌ 

using t =25), everything else equal. 

23. The model could easily be extended to include stochastic elements, specifically stochastic investment returns. 

Incorporating stochastic elements in the total cost model is planned for future model iterations. 

24. We follow the method proposed in Jones and Wilson (1995) and Kritzman (1994). Also, the rate of return 

specified by the plan represents the geometric mean of expected returns over the holding period, which in our 

model is the length of the projection period. Note, the arithmetic mean would be approximately 𝑟𝑠𝑡𝑎𝑡𝑒𝑑 + 𝑠
2

2⁄ . 

We also assume s represents the standard deviation of log returns. 

25.  (𝑃(𝑋𝑛 ≤ 1 + 𝑟)). 
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